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“ANALYS1S OF GROUND EFFECT,tilT,TEE qI~TIqGAIRSCREW L.-,. ,.. .
By MontgomeryKnight an~ Ralph A. Hefner “-

--—T. _........ . .-

. .-
. .-

SUMMRY

. . . ,4—.

A study is presented-of ground-effect.as applied‘;o’--‘—”--“’--
the lifttng ai,rscrew of the type use& in modern”gyr”ojlanes :--:+x<
and helicopters. T!hemathematicalanalysis of tho-prob-, .“-”:;”-;
l.emhas been srerifiodby tests rnad.oof three rotor moiigls
in the presence o“fa.large clrpu”lar‘Igroundplane.!!A
“~athodof approx~m’stingthe deceleratingeffect duri,rig.—.-
v’erticalappr~.achliotho ground has boeiidevi.sediThe”rea---------.;
suits of the-studyare prosonteiin ‘theforumo-fconven-—...—- ,.- ~ 7*
iont char’ts. .... .~—_?...

J— . .—_.--.,_.

INTRODUCTION. .... . .,-..
. . . .. . ..-.

Proximityto tho groundhas a pronouncedeffect on
“thoaerodynamiccharacteristicsof the I.tftizgairsc.reM_..““ j-:,
Ground effect is thereforeof importancein”the”study of
the landing and the take-offqualitiesof gyroplanesahd
helicopters. No comprehensiveatta&k on this””pdo%>emhas ,.
thus far been found by the writers although it has been - “’ “~”
mentioned occasionallyin the literature(references1,””2-,’-”‘“.“-
and 3), and an approximatemathematicalanalysishtis%eezi ‘“ ‘-
made by Be”tz(reference4). — ....=.

-.

The ..investigationdescribedin this repor”tw-&s””uri’d@r--”--‘“
taken to obtaina general solution.of’theproblem of ~,.

ground effect on the liftingairscrew. It constitutes““a --i
portion of abroad j?rogra.m“ofresetich 6n the ii,ftlhg--,:“ ‘“- ,-:~
airscrew that was institutedsevera~>”6arsago at-the
Georgia School of ~echnology. ,,. . “+--—- “..::---..---.”-=&._

The investigationc~nsfst”ed‘ofa mathe~ati-cal-”aria-lysis--‘–
of ~oun.d effect, the validity of which was-verifiedby ‘“
tests of three lifting air”scr~w
fby to a)Iar%ge,circularground
imating the decelorating,offect
vert5.caJa~proach to”the ground
prqsented in the..appondix.

●

modelsoperating in proxim--
planq. A method of app”rox- ‘~--
on .a_l”iftingrotor during”- ““-”
was~al.so+e~iso& and 2s ““”~-””““-C-“:1‘. 7--=

—_ ,.-”......’;;

-.
,---
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The present investigationwas conductedby tho staff
of the Gug.genhoimAorona.uticsDivision of tho StatoEn-
gineeringExperimentStationand has been financedin part
by the NationalAdvisory Conmitteofor Aeronautics. T.ho
writers wislito acknowledgetho valua%loaid of Messrs.
R. H. Fagan and L. I. Turner in conductingthe modol tests,
and tho oxcollcntwork of Mr. l?.C. Slocum in constructing
the modols and ground piano,

MATHEMATICALMLLLYSIS

In the approach to the problenof ground effect from
the mathematicalstandpoint,it was decided that applica~
tion of the reflectionmethod to the static-thrustanalysis
as developedin reference5 offeredthe greatestpossibil- .

~ Ities. The complexityof the mathematicalanalysismade
expedientthe followingassumptions

1
1. The nuriherof blades’could be taken as infinite.

2, The usual angle approximationscould be made
.

becauseall anglesassociatedwith the induoed
velocitywere small.

‘3. Rotationaland -dial componentsof veloci,tyand
ti~effocts could be neglected.

4. The slipstreamcontractioncould bo negloctod.
.-

These assumptionsare now generallyused in lifting-
airscrewanalyses. It was discoyorod,however, that the
principle of the aerodynamicindependenceof blade o1o-
monts (roforenco5) is no I.ongorvalid when thciairscrow
is near tho ground;hcnco an exact general solutionfor
ground effect is pr.actica~lyimpossible, An approximate
solution’was reached by the expedientof specifying,for
analyticalpurposes,that the circulationalong theair-
screw blades be constant,that is, independentof both the
radius and the distanceabove the ground. *

If the rotatingblades are twisted.in such a manner
as to keep the circulationalong then cbnstaqt,there are
trailingvorticesonly at the tips and the roots of the

●

blades. For a“rotor wi,thinfinitelynany blades, the
trailingtip vortices form a cylindricalsheet of vortic-
ity of strength k per unit length,



.
—

.- .-

When the rotor is a distance Z aboyc the .groundl
tho effect nay be ropresentcd%y pl&eifiga second cy~in-
drical vortex shcot of oqua.1lcagth antistreng%hbit of”
opposite&iroctionat the enfiof the first cylinder’as ““
shown in fibwro~. Tho first cylinder,whichis associated
with the actual airscrew,is tfius--n5i”ioredby ihe second.

InducedVelocity .“ .

In reference5 it was shown that the axial induccL
velocity at a point due to a cylindricalvortex sheet Wa-s ‘-----’‘-,
equal to ~~

4n dZ tines the difference,in the so-lidan~l”~s

subtended%y the ends of the cylinder. T!hus,for a’point” ‘:
P (Yig. 1) the inducedvelocity in the Z-directiondue to ‘-” ..
cylinder A is . “’ . -—

WA =(2m. a)* -—----.....-. .:..-.
.

whore

. --.=— —— -
. .

r= circulation

IX = solid angle

. . .-—

—

at P subtendedby .Croundtrace of rotor—..-. -——.—.. .
The inducedvelocity due to cyli’nderB is

.— —

‘3 = - (~ -’p)-: ., -.. ..... .— .-=

where @ is the solid angle at P subt~ndp.d.bythe re-
flection of t~lero~oro &ddinE those two valocitiosj‘the- “:
inducedvelocity in tho Z-direction’at poiut P is found
to be .-_

w= (%-r - 2a+i3)&

Lottiing x = r~R, t = Z/R, and sotiin.gup tho intc- “ -_
grals for theso solid an~les,

., ~-. .-

. . .
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‘l-r

r“
.,..

ICI l-xcosg

[/

.-
w=~ 1’

“x+l-2xco&!8 ta
“a+x “+ 1-2X Cos e

k

On.reducing these ellipticinte:zral”sto standardfern,

J ,., .

‘=@+=’+v’2+::+~’2““’”:-’”‘--””““.

.

* .-

(1)

.. .. .. .
where F and, ~ are conpleteellipticLptcgraleof the
first and the third kinds”,res:~octi’rely.

When the point P is in the center of thg cylinder,
x = o, and w reduces to -.

‘c = “ [j+-;<”.’”Jn+Tl (3)

When the point P .isat tho “t.i~..of the blade, x = 1,
but the expressionin equation_.(.2).forw becones ind.ebor-
uiriate.G.oirigb~.ckto equation (1), setting x = 1, and
then integratiafl,tho inducedvelocityat the tip beconos

x

This expressionturns out-–tobe the r~sult that would

. .,
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,

%e obtainedfrob equation (2) if x = 1, and it is assunod
● that tho iadotorninatovalue Ox co, which arises, is zero.”-

For this particulari.ndeteruinatefor~, however,the
two variablesinvolvedare independent,and the indeterni- --
nate fern cannot%.eevaluated%y the usual nethodti-.Equa-

‘ tion (4) is tfievalue obtained”wh.enx .-apFr-otichee“its
linit first and’is.not~tkevalue desired. The value.re- ““–

.—

quired i.sobti.ainedwhen (3 approaches“itslinit first,
and then x app-roachesits‘“liniti.ngvalua. This value is
differentfron that obtainf3d.in c3quatiori”-(4).

.
In order to find the P.iffercncein the two ncthods,

considerfiguro 1. If r approaches R froa clther sid-a,
it is obvious that the solidangles u and e era bom
continuousqntlapproachtb.ovaluo they have when r = R.
On ‘theother hand, %ho solid ang~c bf tho ro%-o~Lf.skit-
self$ as r .appro.ackesR frou the -irisidc,is a constant
and is equal to 2Tr. The solid aagle of tke rotor di”sk

. when r =R is ~ qn’d,when. r. npyroachesR fxon the
outside,the solid nngle is zero.

● Let .-
,, .,

/-!\wJ inducedvelocity npproackeclat tip fro~ inside

(wt)inducedvelocity it the tip

(w;)induced velocity approacbe~at tip fro-n‘outside,, .,

Then, when r = R.,

(Wt} =
. .

(w:) =

(If;) = $- 2a ~
“-n

.—

.—

l?ronthese expressions,it c~n be seen at once that

.

— .—

.-

:...-

.—

T.

(w;) = (wt) + 0s25 k .. --—. ..+,_

(w;) = (Vrt)- 0.25 k



6 ITACATechnicalNote IJo.835

Thus, both (Wt+) and (.wt-) can easily be conputodby

using oqua’tion(4). Curves of (wO/k) and (wt~k) againSt
Z/R are given in figure 2.

When tho POint P iS sonowh,erobetwcOn tho ccntcr and
the tip (O<x <l), it is oxtrenolytediouscmd Liffi-
cult to conputethe inducedvelocitywith a high deg~*eeof
accuracy if 6quation (2) is used. This difficultyis due
to the presence of the ellipticintegralof the third kind J
for which no tables are available. Thus, the exact solu-
tion is found to be ef no practicalvaluoa

P

Methods of A,pproxirmtion

Two methods of a~roximating the inducedvelocitybe-
tween the extremevalues may be”used. The’first method
is to approximatethe integralin equation (1) by Simpson’s
rule. This method yieldeda satisfactorydegree of accu- .
racy for values of Z/R up to 2 e~coptnear the tip. A’s
~~R, and for values of Z/R > .2, it was found impossi-
ble to determine w with any degree of accuracywithout
computinga prohibitivenunbor of o~dinates.

In order to obtaiu an expressionthat could be used
for tho Iargor values of z/R, the induced velocitywas
exprossodas an infinitosorios of Logondro’sj?QlynOmia16.

,4
Let c (fig.3) be a circularvortox riug of strength

r, tho center of which is taken to be tho origin of–a sy~-.
tom of polar coordinates. (Noto that small .r in fig. 3
is a different r than shown in fig. 1.)

‘rho
ring i~

.
whore w

If
Cle and

potontialat any yoint, F duo to this vortox -

o=~w’

is the solid anglo subtondodat P by the rin~.

e = 0, the yoint P ~ ~S On tho

w= 2’rrl-
(*)

axis of tho cir-
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Hence’

) —.

.. ------

xl.0=2 ( /+=)
Zxpandingin powers.of r by the“binomialtheore~., -—--—

m > (J)n+-’La+ (@n ‘“.@=$z ) (5)
n=l 2‘n-= b M ‘r

1
which,converge’sfor ‘s.11values of. r greater than a. From
this resu”ltit is possible”todeduce the yot:ntia~at any ‘ ““
point in space outsidea sphe~rgwhose.radiuskis a.

The potential sought is a solutionof thd equation
aaa= G sad is symmetricalabout the e-axis..The solu-
tioriis therefore”capalle

-..—
“ofb“”eingexyresseiias “atiinfi-

nite series of the fgrm
-,.-.-.,

.

where the 31s ,are constantsand the pn (COS~J terms
are Legendre*spGlynonIals,

.--

When 9 = O, cos 6 = 1, P=(l) =L a%/~ ‘ ‘-
~6). ‘ .:-=

— –-=-+. .

When 6 = O, tie point P is on t~e axi9, and eQua-
tions (5) and (6) must be identical. Equating coeffic-
ients, solvingfor the 31s, and substitutingthem in .

.,,

———

equation (5a), .

.
i? r>. a (7)

c considernow a cylindricalvortex sheet of strength k yer
unit length. Let the length of the :ylinderbe Z and let .
the Z-axis of a rectangularset o: axes be”the”axisofthe~.,.
cylinder (fig.4). Furthermore,let the near end of the

.-
—



8 NACA TechnicalNote Ho. 835

cylinderbe ‘b units from the origiuand lot ?) be
greater than thciradius R.

,

Consideran ~lomontarysection of the cylinderof
length dZ. Since t-hostrengthper unit length is k,
k= dr/dZ~ and “thestrengthof tho elementarysection dZ
is

If the strengtHis consideredto be concentratedalong
the circle splittingthe contor of the olomcntarysocti’on,
the difiercntialof the potontialat the point P can be
found ?Jyusing equation (7), and —

The series in equation (8) convergesif ~>R ‘
and, since b>R, the series convergesover the entire
cylinder.

4

The potentialat point P due to the entire cylinder
is therefore

.

But tileinducedvelocity.in tha z-directiondue to the
cylindricalvortex is

1‘bair) 34Jw=—=——
32 az zl+b

To simplify the expressionfor w,” let

(’R”p ( -1 a) 1

) >0s tan .
\za+a~ an , z

4
Then

1baow=- = $(b) - $(Z +%)
C3z

‘Zl+-b
(9)
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which is valid as l“ongas b>R. ...

It is importantto note that at P (fig.4) w is
equal to the differencein tho potentialsdue to the two
ends of.the cylinderi.fthey are”considered.to be vortex
rings of strength k. Eence, it is clear that the induced
velocity in the Z-directionat a point in tho end of a cyl-
indricalvort.ex’oflength zl>Ris

.$’ 1-Js
w= --- W(ZJ (lo)

2

Honco, tho ground effect on tho inducedvelocityat
any poi’ntin tho r“o”toris tho difforcncobetween equ~-
tions (10) and (9) when both Zz and b are replabedby
z. Thus

Z“>R (11)
.

k
w=—-

2 2 w(z) +-M2Z) if

.
Lot .2 =5

R.. . -- --—,’”

x=%
x~

The first few terms of equation (11) aro

1P6(.COS02) + 1 - 2 [; (,<<) P, (.0:6;)

.

.

.. .,

whero

02 = tan-~ ~’” X<l, 2>1
271 ..

—
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Equation (12) was used .tocornputovalues of w for *
t = 2 and 1 = 3.

,-
The values of w obtainodby this secondmethod of

approximationwere checkedagainst those found by tihefirst
method. After cross-plottingand fairing,curveswere ob-
tained that representwith a fair degree of accuracythe
inducedvelocityalong the llade for various values of
Z/R. These curvesare given in figure 5.

‘Thrust

The thrust coefficientis expressedin reference5 by
the intf3gral

-1

CT =a OG
1

(e-q))X2 dx (13)
.

who,ro(fig. 6)
..

ao slopo of lift curve for infinitewing

(Bc/ITR)
●

o- rotor eolidity

8 blado incidonc~

T induced flow angle

x r/R

B number of blades

c chord of blades ..

By assumption,t-hecirculation r is constantalong
the blade, and since for constantchord blades (reference
5)$

17=*ao(8-p)s2r

= *a. (e -~),,flRx

where S2 is the angu~arvelocity of the rotor.

Thus

‘

,! .,.,

,,
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.

b

(e-ql]x= wBcao fir
= constant,

,.. . . ,“-
lIquation(13) may now be written

or

b4i

-.

“f
1

CT=,,ao 0(0- Cp)x x ax

o

=~aocr(El - q) x

(15)

Equation (14) shows that the thrust is independentof
Z/R on the basis of the assumptionthat the circulation
I’ is constantalong the blade and independentof altitud”e.
The thrust can thereforebe found from the thrust curves
for infinite Z/R obtainedin reference5. Thus, the
thrus~ coefficientnay he e~ressed as .

*

,
Total Torque. .:.

(16)

The total torque coefficient-of”the,liftinga~rscrew
may be written (reference5) as ““ “. “’ ‘“ T

.
“Qg ‘,%i+.Qae-I-,Q(T6 :. . .“, - ,. ., ,,,

.“””
Q’u--,induce”d.tor,quecoefficient .
.,x i

Qoc proft.livariationtorque coefficient —.“. .

Qcr~ minimum.proftletor:qu.ecoefficient
(5/4&)

.—

.
6 ninimumprofile drag coefficient >

of blades J.—,
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Profile-VariationTorque

The coefficientof profile-variationtorque is defined -
in reference5 by the integral

0
Again by using equation (4),

Thus profile-variationtorque is also independentof z/Ii.

InducedTorque

Unlike the profile-variationtorque, the iuducedtorque
is not independentof Z/R.

In order to computethe ind-acedtorque from the induced
velocityalready determined,it was found expedient.to de-
rive a relationbetween the induced.torque, the thrust,and
the inducedvelocity for a single fj.nitecylindrical vortex
sheet,and thozlto spocializothe result for tho case of
the double vortex sheet representingtho ground effect.

The inducedvelocity a~proachedat the tip of tho
blado for a finitu cylindricalvortex sh~ot is

wo=—
[ 11 = W(Z2) - w(~l)

41-rd,z
x~l

Solving for dr/dZ
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*

,

. .2TOW

dr= r-’
,ZZ%

,,.. 2; ‘W.
d=., S2B””

.—A

where .

.-—

Using these relatiozis, equation (1?) becomes

Solvi22gthis ex-pressionfor W.
.—

,-..

Using tkis value of Wo, equation (17) be”comes

‘=J@==i._l‘ ““:”’---’18)-
Now the inducedvelocity any-she~e’along the blade_,isgiven
by”. >-—

~“
dZr)_w=—

1
W(Z2 1.”:~~ IT(ZJI

2;<”1
.! - :

.

..——-

.-..—
.-——-

Using the value”of ar/dz fron equation (18)

/ziFr[w(z.) - W(Z=)3X<”w =. 4m “f.[wz=) - .W(.zilJ} ~~X>l :“ ‘.-
.

Now .—.
●

—. -.

-—
4

---

-.—

—
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or

{

u G?R T#2 [W(Z2) - W(z.l)]x<~
w=
. & [w(z~) - W(zl)jx+ll,a }

(20)

The inducedtorque“isgiven by the expression

J

R

p Bc a.Q1=3 (6-Q)r q S22r2 dr
o r1=~B& a. R4 (6-cP) X q ~2 X2 dx

“o
Since by equation (14), (o-q) x is a constant,

1r4

~ 3C ac (6-CP) x R4 Cf)fia X2 dx

‘o

2a > {b-q)x P’.

J
Wxdx,Q ~ ..3.

‘o

,

..

.

.,

Using equation(15),

1
2%Q~i=~ f .wxdx

.
0

Using the tialueof w found in equation (20),

In the case of groundeffect, insteadof the induced
velocitymer@ being proportionalto the differencein the
solid angles w(z~) and. W(ZI) ,4as in reference5, a more

.
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complexrelationship;exists..In.or.der..,to change equation
(21) so that it representsground effect,,.replace
[W(Z2) - W(Z.)-J bY [w(z@, x)/kj” 4n where ,w(Z/R,x) is ‘“
the functiongiven by equatiOn~1).

Hence~ in the case of ground effects

dx’

,,
.
. .

.-Jr..=- .“. . -_-— ,... ..

since the thrust is con”stant.

.4convenientmetho& of expressinggro;~d eff~cf is to
plot the change of torque coefficientagains%altitude for
the conditionof oonstnntthrust coefficient. ““Theuse ~f
tho coefficient(reference5),

.,
.-

gives tho simplestresult. ,,,i.
The analysishas shown that

.
.

- and
b

for

. . ,,

Z/R = w

.

.. .
. . .. ------

,,.

.-

. .

.— -—

—-
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The changein torque may thus be writt”enas

Q(T‘A=—
Qu:

()fg + 2C Ta1/2
c o

1/2
~+2eT0

o

and this parameteris given in figure 7 for a range of
values of To ..

0

EXP3RIIC3NTALDATA

In arder to verify the foregoingmathematicalanalY-
sis, tests on three rotor models were nade in the presenco
of a large, circulargroundplane. These tests were made
in the open throat of the Georgia School of Technology
9-foot wind tunnel.

Rotor Models

Three rotor nodels with two, three, and four blades?
rosyectively,and a diameterof 5 feet were used. The
same models had been employedpreviouslyin the static--
thrust tests’(roferonce5). Each %lade had the NACA 0015
profilo and a chord of 2 inches fron tho 5-inch radius to
the tip. There was no twist~–Tho blades w~rc hing~d hor-
izontallyat a radius of 1 inch and wore balancedabout
tho quarter-chordline, which intorsectodthe axis of rota-
tion. The blade incidencewas adjustable.

Test Apparatus

The method of nountingthe nodols and neasuringthe
forces is describedin roferenco5. An Inproveddrfvo$
howover,was used in the present tests. It consistedof a
l-horsepower,throc-phasosynchronousmotor driving tho .
model throughgearingand.shafts..-Thus,tho model sPeod
was constantwithin small limits at 900 rpm becausethe
frequencyvariationsin the lino woro negligible.

,

,
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.Thogroundplo.r.e\ consis.~ed of.a d~kk of l/4-inchply-
.. wood, 12:fact in dianctor,”gcnorouslyrcinforcod“’atthe--back

as shdwn in figure.8. It was.uount’cdso’as to sli.do,on a
StCOl tUbO suspcndodby CablCS. A spring-opcrat~cl~inog-
gaged bolos in the.t.ub.o.to Iock-.tho plane in positionwfth
“rospoct to.tho r.o.tor$R?hichwas:ttirnc?d.into the tunnel’d-ovjn-
Gtnd direction,as shown, This arrnn&enontpcr~itigda ‘.
range.of.distances$ro~~0,25~0 2,620interns of t.horotor
radius.to ho used,+,.:,I’iguye9 shows th.8..set-upwith .~hc
,,,t.hree”ybl~dero.tor.ap viewed fro~ tho.entrancecope of th~
tunnel. ,. . ......:....

The test procodure consistedof settirigtho blades of
the.no~elat a givon:angleusin,gthe incidence ji~~e-
sc.r>bodin reference5. The.rotor was then aouritedinthe

.,tunnol,ant!,the thrust and the torquewore Ecasured for.
eachposition of th~.ground plane.

The exporicental,datathus .o?)tainedwore reduced-to”
. the nondi~bnsionalforms used in the uathenaticalahalysis

with the aid .ofthe followingequattons:.. -....
,,

. T“ 2T ““ -“:-. ... ~-- ,
.,, .U”= ... .. —---

,... 2“*a,.Rz.~2.“’::“;:- - - “ -
P1-.R ,.,- . ..., :. .,:

—

—
.—

. . ,,

Q&* = i: - “Qamin-“-. .

. . ---- -
.,

2(Q - ~~~in)#. u’“= -. -., -----...
pl?’az Q:& # ,. .,.:------___

where Qa~n is the neastiredtorque”wherq. 0 = O.—T,...~. .-..<
.“

A conpcirt.sonof the results of the tests.Mith t_Qose -.,
of the nathonatic’ala~alysis iS prosent~d~‘in”figuro 10.
12 each of the sectionsof figure’:10tho cur-ve‘of Qal
ageinst To Sor .~/R= @ is .plo.t..t.e.d..ao%~oaiue~ue~fgon _
table I of reference.5..The vaI.ues04 the.%orquoc-oeffi-
.cientifor Z/R,=,0.25,.!3.50,1.00,.:1.50,s.nti.2.00 have
been conputcafrga tho .relatio_~.slip: - .- -.

:. . .

Qal = A Qa;

-.

.-

.-.—
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whoretho appropri~te.valu.osof L haVo been obtafnodfron
figuro 7. Thoso curves of Q01 are,also drawn in tho fig-
ures, and tho test points are spbtt~din,”forconparisoa.

It,willbe notod from these figuresthat the agreenont
between theexperimental and the analyticalvalues of Q(s’
is quite good except for Z/R =.0.25and 0.50 wh;re, as
might be expected,th6.rotor blades tegin to ~tallat the
larg,erangles.becauseof the shar~reduction in induced
Velocity. This stalledconditidnwas, of course, accentu-
ated by the low Reynoldsnumber at which the blades wero
oporatingduring the tests”. ,.

The agreement:betweon‘the6xperitio,nta}and tho anal-
ytical. results is ‘all the nore notable in that the dis-
tributionof circulationalong the blades is,ontirolydif-
ferent for tho two cases. Even Itirgec~angek of distri-
bution appear,howovor,to prQducf3only slight changesin
total thrust and torque,as is generally true of airscrews.

Inspectionof tables I t.o”’111shows that,:for constant-
chord$ constant-incidencerotor blades, the torque coefi?i-
cient change:sver’ylittle a% distancesfron the ground
greater than Z/R =’0:50. This farm of airscrewmight,
therefore,be terned the Ucoa.etant-torquetttype in contra-
distinctionto the hypotheticalIlconstanfi-thrustlltype
used in the theory.

Evidently then,,the c“onstarit-torquerotor will experi~
ence a changein thrust as it approachesthe gqound. An
approximaterepresentationof this thrustvariationi.s
given in f$gure11, which was obtainedby crosswpzotting
the curves of’figure10 for constantvalues of Q(+.

COITCLUSIOITS

The followingconclusionsmay be arrived at as a re-
,,

suit of this investigation:

1. On thd astiumptionthat the circulation,around the
blades of a liftingairscrow”i,sipdepondentof “
radius and ground distianoti,’the,vari.a$ionin in-
duced velocitydtto’to gcound effect“a&y“hoset
,upeither as an ellipticintegralor as a s~rios
of Logendrels’polynomials.

,

●
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Ground effect on:th~-.t.hrystand the torquo of a
lifting airscrowrapidly decreaseswith alt;~
tudo, %econi~gpracticallynegli~ibleat a hetght -
equal to the rotor dianotor. ‘

Tho ground-effecttest data obtainedon the .
.constant-,chord,constant-incidencerotbr nod~ls.,
show satisfacto~yagpgenentwith the caleplatod
results.

Yhese tests also indicatethat the torque cooffi-
cieritis substantiallyconstantexcept.at Tory
small heights above tho ground but that th~r~.
is a large thrust-coefficientincrease.as-the
rotor approachesthe ground-

It is possible’toarrivo at an approximatethoo-
roti~al doterninationof the thrust-coefficient
variationwith ground distancefor conventional
constant-incidencerotors by using the constant-
torque-coefficientcon&ition. .-T—

Daniel GuggenheimSchool of Jioronauticsl
Georgia School of Technology,

● Atlanta, Georgia,May 29, 1940.

..
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APPENDIX

DecelerationDue to Ground.Effect
I

An inportantapplicationof ground effect is its use
in the verticallanding approach of a helicopter. The do-
cc+lerations thus experiencedcan be shown to be sufficient-
ly large to afford a nethod of landing such an aircraft
autormticallyand without appreciableshock.

The generalequationof notion of a helicopterin
vertical descentIs

ma= T-W (1)

where

a acceleration

or

where

n mass of machine

T thrust

This equationwill have the followingfornsl:

av
—=; {T-W)
dt

(2)

,

8

,

T velocity of vertical.descent

Z verticaldistanceabove ground
.

t tirlo

“Equation’(2) nay,be written *

dV dZ——
dZ dt

=$ (T-W).
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or V-’’”&v=
!(:; ‘) “

(3)
,’

In steadyde”scentat altitudesgreater than z/R = 2.0,
the initial thrust, To, nay bo taken as equal to tho
weight.VS and so‘S ,.. ,..
. .

..’ “’=:(*-$:’ .::
. e ,,

,,.
= gR(&-.l) d?:

y~,ore . . . . ... ...’ . . ...,.,
. . . . . . . .. , ..

+......”..,“
.,, ,.

Integratinglio”t”bs~&es of equation (~)s

.,., ,.:- + 2 ““ 1

--
-.. —-~4.)

.-.

(5)

., -.
8 -. ---— .—

.
.-:-

;“,$$”:jd:”=~:,~o:!-jd.~.’,..-,~~~... ...-’

..,,,.
~o; .* o:..-,,, ... . ..r

,O’”.:”,. .: .“.
. .

t’
.,

,-. ---- :.
a.1?

f

<’v”a ““’A,Ta’”””””: ‘ ““ :.,. 0 ,... L dt - 1 + to” (6)-””.,’ - ..=.
2gR. %0

10
—

where .,’.

.,. .
,T?O in.itia,l”.ver~i~cil’veloc$.:y~. . - , .— ,

,.. ,.,,
. . . .

to altitude”’rtit”i’oat which ground effect becomes,.-
appreciable —
. . . ..

140”rec,o’iv.eniOntly’ 1‘ ,., ,. ... ~ -

(%)=-~1. .. .:(7) _
-L

The specialcase of V = O at %<10 is of interest

because it representsthp,conditionof landing without
shock. l?orthis case, equation [6) becomes

-.
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(8)

,.
●

,

An axact solutionof equations(7) and (8.)is in ossi-
blo at present,becauso tho exact.fornof % /%0 7=fl)
is not known for verticaldesco~t in proxinityto tho
ground, An approxinatosolutionis, however,possiblo.

It will bo hotodin figure 11 that the effect of
chango~ in ~0’ On the ratio %/%0 is not large. In
addition,a recent investigation(reference6) on heli.-’
copterverticalnotion conductedat this institutionhas
indicatedthat, for rates of vertical descentup to 20
f~-etper second,the changesin the thrust or the torque
of a constant-incide~cerotor are suall.

Hence, hy the use of a value of of Qal = 3.0, which ,
is ropresenta~iveof nodorn helicopters,the static-thrust
variationof figure11 nay be usoclin equations(7) and
(8] to.detorninethe verticalvolocitiosof approachto

.
the ground. Tko result is shown in figure 12, which givos
o,sot of spe.cinoncurvesthat aro illustrativeof the ap-
proximate solutionof the problon. A nore oxnct dotcrni-
nation would$ of courso,roquiro taking into account the
snail effect“of.velocityon thrust and torque.

,,

Exarlplo

Tho followingoxanplcillustratesthe uso of tho
curves of figuro 12 for a helicopterrotor of 20-footrad.i-
us standing10 feet off the ground when the aircraft is n.t
rest:

Case I: To determinethe permissiblevelocity of de-
scent V. for IJautomaticlflandingwithout shock - that
is, V=o.

The value of Z/R titthe ground is 0.50. For this
value at

Voa
14.5

R=

n
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and To =mR .

= 17.0 feet pcr second.
. ... . ,.

Case II: To determinetho velocity of impact for
V. > 1’7.0 feet per second .. . .

For
~02.. ‘ .

. . R= 19.2: ...

v 0.50”. ..c s,
.

However, siqce V. = J 19.2R,
. . ., .,

= 19.6 feet

..~..=... ‘19.6’X ~x

...- .-

.
. --

.
.

‘p= second

-- ~. - .
.?Q,..:---- ..,,.-1-. ,- ,.

. . .;

= 9.80 feeb per,secon~

It shouldbe noted that, for an increase of only 2.6
feet per second in Vo, the velocity of impact V changes
..f_romO to 9.8 feet per second, indicatingthat the auto-
matic landing conditionis somewhatcritical.

Case III: To determinethe behs,vi,orof this helicopt-
er when V. < 17-0 feet per second would require further
investigation. It is evitientthat the machiae would not -
reach the ground and might even perform one or two-verti-
cal oscillationsbeforo comiag to the steady condlf~onof
hovering. No knowledge of the datipingcoefficientof this
motion is available,however,and the actual behavior of the
aircraftunder such conditionscannot thereforebo predict-
ed with assurance.

.-

..
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Ground-EffectTest Data for the Twa”-BladoRotor

(d:g)’
1
2
4
6
8
10
12
14

1 “.,
2*
4.
6.
8
10
12
14+

‘Z/R:= 0.25”

Zrlz
b.41 .0.08
1:,00 ,35
2.21 i.03
3..41 ~.16 ~
4,.20 3.47
4.55 4.20
5.36 6.5’7
6.00 8.50

Z/R = 1.5

. 0.29 0.03
.75 ..24

1-87 1..00”
3.13 2...29
.3*93 ‘ 3.57
4.31 4.24
5.25 6.42
6*O1 9.12

25

(u= 0.0424)

Z/R=”l_O

Ta
I

Q. ‘
. .

0.19
.56

1.52
2.69
3.52
3.92
5,01
5.84

0.00
.19

1.03
2,49
3.75
4.52
6.66
9.15

.,. ,
T,0 I Q~’

Z/R = 2.0

.

0.15
+48

1J41
‘2449
,.3.29
3.66
4.’77
5.58

0.00
.25

1..05
2.57
3.~1
4.52
6.87
9.04

‘1 ‘0.14 ] 0.00
●

✌✚❞✟ I .21 “
1;37 1.05
2.46 2.59
3.25 3;85
3.59 4.58
4.70 6.92
5.56 9.49

..
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TABLX II

Ground-Effect‘lestData for the Three-BladeRotor

(Cr= 0,06s6

.

4

Z/R
I

=“0,.2.5 I Z/R = 0,.5 z/R = 1.0
i t

T“ Qo’ , ; / Qo’~: To Qa’
(d~g) “.a” t
1 0s25 0’.05 ‘. 0.16 -0.02 0.12 0.00

‘2 .60 ~ ;18 .43 .09 “ .33 .09
4 -1~38 “’..51 1.09 , .4.3 “ .89

I

.46
6 -2,11 ‘1.00 1.83 .96 1.55 1.02
8 ‘ .2.83 1.77 ,1.2*62 1,.83 2,31 1.95

so 3.69 3.35 v“3.60 3.50 3.41 I 3.6’7
. ..

1’ /ZR’=Z. .5’ ! z/x = 2.0 ,

‘ 1- To Qa’ I Qof
id

To
.

1 O*O8 0.00 0.07 0.00
2 .26 ,11 ,25 .11
4, .79 .45 > .75 .43
6 i.41 1.03 . . ,1..5’7 1.02
8 .2.11 1.93 ‘: ,2.08 1.95

10 , 3.19 3,.68 . p.14 3;68

,

.
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?!A3Lg.III

Ground-EffectTest Data for tho Four-BladeRotor

(0= 0.0849)

Z/R = 0.25 Z/R = 0.5 z/g =-1.0
Ta Q~’ fP Q/ Ta Q&

(d~g) -a

1 0.17 0.02 0.11 0.00 0.07 0.00
2 .“40

1
.05 .28 ● 03 .20 .03

4 .95 .25 .73 .21 .57 .20
6 1.46 .52 1.24 .52 1s02”” .53
8 2.02 .98 1.82 1.00 1.56 1.03

10 2,53 1.55. 2.38
I

1.59 2.15 1.70

Z/R = 1.5 Z/R = 2.0

To
(d~g)

Q/ To Qa’ -

1 0.05 0.01 0.05 0.00
2 .16

1
.00 .15 ● 03

4 .50 ,20 .4’7 .19
6 .93 .53 .89 .52
8 1.42 1.03 1.38 1.02

10 . 1.99 1.70 1.93 1.68

.

.
.
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.Figure9.- !l!.hree-bladedrotormodelandgroundplane
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